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RENORMALISATION OF g-REGULARISED MULTIPLE ZETA VALUES 


KURUSCH EBRAHIMI-FARD, DOMINIQUE MANCHON, AND JOHANNES SINGER 


Abstract. We consider a particular one-parameter family of g-analogues of multiple zeta 
values. The intrinsic q-regularisation permits an extension of these g-multiple zeta values to 
negative integers. Renormalised multiple zeta values satisfying the quasi-shuffle product are 
obtained using an Hopf algebraic Birkhoff factorisation together with minimal subtraction. 


1. Introduction 


For Re(s) > 1 the Riemann zeta function is defined by 


n^l 


which can be meromorphically continued to C with a simple pole in s = 1. It is well known 
that for even integers k e 2N we have 

ClnifBk 


and for /c e Nq 

( 1 ) 


m = - 


a-k) = - 


2k\ 

Bk+i 


k + V 

where ^ Q are the Bernoulli numbers defined by the generating series 


( 2 ) 


^ V R - 


— 


For s := (si,..., Sn) e C” with Re(si) > j {j = I,..., n) multiple zeta values (MZVs) 
are defined by the nested series 

(3) C('Si, • • • ,Sn) := Yj 


Si St) ’ 

— _ m/ • • • mn 

mi>-">mn>0 ^ 


which are natural generalisations of the Riemann zeta function (ini)- We call n the depth and 
|s| := Si J- • • • J- Sn the weight of s. Usually MZVs are studied at positive integers fci,..., 
with ki ^ 2. Especially the Q-vector space 

M := <C(k): k 6 A:i ^ 2, n 6 No>q 

is of great interest mm) since it is an algebra with two non-compatible products - the shuffle 
product and the quasi-shuffle product. The latter is induced by the defining series ([3]) applying 
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the product rule of power series. The shuffle product is an application of the integration by 
parts formula for iterated Chen integrals using an appropriate integral representation of MZVs 
in terms of the 1-forms := and := Indeed, using the standard notation, 

J ^ J '^3 

I := /ci -I- • • • -I- j 6 {1,..., n}, one can show that ([3]) can be written as 


(4) 


C(^l) ■ ■ ■ 1 kn) 


r 


|k(i)|-l 

n 

i=i 




(0) V ,(i) 


U} 


|k(i)| 




This so-called double-shuffle structure gives rise to a great and intriguing variety of linear 
relations among MZVs ([131 [IS]), for instance the identity C(4) = 4^(3,1). 

The function ( is meromorphic on C"" with the subvariety Sn of singularities, where 


(5) 



Si = 1 or Si -I- S 2 = 2,1, 0, —2, —4,... or 
Si -I- • • • -I- Sj e for J = 3, ..., n 


In m it was shown that for /si, ^2 e N with ki -I- k 2 odd we have 

In contrast to the dimension one case the meromorphic continuation of MZVs does not provide 
sufficient information for arbitrary negative integer arguments. This lack of data resulted in 
an interesting phenomenon related to the program commonly known as renormalisation of 
multiple zeta values at negative arguments. Using the fact that the quasi-shuffle product 
of MZVs can be abstracted to a quasi-shuffle Hopf algebra [H], which is connected and 
graded, the authors in [T2| and [2D| proposed renormalisation procedures that would allow 
the extension of any MZV to - strictly - negative arguments while preserving the quasi¬ 
shuffle product. Both approaches are based on the renormalisation Hopf algebra discovered 
by Connes and Kreimer [SIEI, which permits to formulate the so-called BPHZ subtraction 
method in terms of an algebraic Birkhoff decomposition of regularised Hopf algebra characters. 
See [IBKIHIESI for introductions and more details. However, the two approaches, [l2| and [20] . 
propose different ways, both elaborated and sophisticated, of regularising MZVs at negative 
arguments. The resulting methods for constructing renormalised MZVs attribute different 
values to MZVs at negative arguments, while preserving the quasi-shuffle product. We remark 
that in m the authors presented a way to renormalise MZVs while preserving the shuffle 
product. Again, this approach is also based on the use of an algebraic Birkhoff decomposition 
of characters defined on a connected graded Hopf algebra, which is, however, different from 
the ones used in [T^j and [2D| . It is an interesting question of how to relate the resulting zoo 
of different values for MZVs at negative arguments, based on renormalisation methods, which 
share the same algebraic workings in terms of an Hopf algebraic Birkhoff decomposition, but 
differ by applying distinct regularisation schemes. 

Through the works 131 ID it became apparent that certain g'-analogues of MZVs may exhibit 
double shuffle relations as well as an intrinsic regularisation that permits an extension of the 
resulting g-MZVs to negative arguments. A natural question that arises from this observation 
is whether such a g-regularisation can be used to renormalise MZVs while preserving - one of 
- the original shuffle-type products. In [TO] this was shown to hold with respect to the shuffle 
product, for a certain g-analogue of MZVs known as the Ohno-Okuda-Zudilin (OOZ) model 
[21] . In the light of the fact that there exist a variety of different g-analogues of MZVs, one 
may wonder whether a systematic approach is feasible, that characterises models of g-MZVs 
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under the aspect of whether they provide a proper q-regularisation, which would permit a 
renormalisation of MZVs while preserving algebraic properties. 

The agenda of this note proposes a step in the aforementioned direction. Starting from a 
particular g-analogue of MZVs, its intrinsic g-regularisation permits its extension to negative 
arguments. The resulting g-MZVs at negative arguments are still represented as series of 
nested sums, which, moreover, exhibit a natural quasi-shuffle product. This fact allows us 
to present a rather transparent and simple construction of renormalised MZVs preserving 
the quasi-shuffle product. Moreover, our approach is enhanced by providing a one-parameter 
extension of this g-analogue, which results in infinitely many extensions rolled into a single 
approach. Regarding renormalisation of g-MZVs we remark that Zhao’s approach in m 
is rather different from the point of view just presented. It extended the approach of m 
to a particular q-analog of MZVs, without attributing any regularisation properties to the 
g-parameter itself. 

The aim of the note is as follows: 

• We provide a one-parameter family of extensions of MZVs to negative integer argu¬ 
ments. Our approach is based on applying the renormalisation procedure of Connes 
and Kreimer combined with minimal subtraction to a particular g-regularisation of 
MZVs. 

• We show that the extended MZVs satisfy the quasi-shuffle product of MZVs, and 
coincide with the meromorphic continuation of MZVs whenever it is defined. 

• We exemplify that besides pure rational extensions of MZVs also irrational or complex 
values can appear as renormalised MZVs for certain deformation parameters, although 
the values given by the meromorphic continuation are always rational. 

The note is organised as follows. In Section [2] we introduce a g-analogue of MZVs (g-MZVs) 
which is the starting point of this work. Section [3] is devoted to a review of the well known 
aspects concerning the quasi-shuffle Hopf algebra. The main results are stated in Section [3] 
and the proofs are given in Section [5l Finally, in Section [6] we provide some explicit numerical 
examples. 

Acknowledgements: The first author is supported by the Ramon y Cajal research grant 
RYC-2010-06995 from the Spanish government. He acknowledges support from the Span¬ 
ish government under project MTM2013-46553-C3-2-P. The second author is supported by 
Agence Nationale de la Recherche (projet CARMA). We thank the referee for a subtle report, 
which helped improving the paper. 


2. g-ANALOGUES OF MZVS 


In this section we introduce the g-analogue of MZVs which plays the central role in our 
construction. Let g be a real number and ki,... ,kn are positive integers. The Schlesinger- 
Zudilin model is defined by 


C^^{ki,...,kn) ■■= 2 


mi>‘“>mn>0 


qkimi-\ - \-knmn 

[mi]q^ ■ ■ ■ [mn]l 


with the O'-number [m]g := For 0 < g < 1 this series of nested sums is convergent 

[23 j l28l I24| . And if /ci ^ 2 we obtain MZVs defined in ([3]) in the limit q y' 1. 
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(7) 


Our approach, however, is based on the following modification of the above model: 

- \~\kn\mn 


Cqi^l: ■ ■ ■ i^ri) ^ 


qv 


[mi\q^ ■ ■ ■ [mn\\ 




As a result, this permits to consider the g-parameter as a natural regularisation, such that 
(0) may be defined for integer arguments fei,..., In the following we refer to this as 

the regularised Schlesinger-Zudilin model. 

Let D := {s e C: Re(s) > 0}. For t e D we define a one-parameter family of modified 
q-MZVs by 

J\ki\mi + -- + \kn\mn)t 

ih, ■ ■ ■ ,kn) ■= 2 (1 _ qmi\ki . . . (1 _ qm„\k„ ■ 


Since 0 < g < 1 and t e D, convergence of the previous series is always ensured for any 
/ci,..., fcn e 2 with ki ^ 0. Indeed, since 0 < g < 1 we observe that (1 — g)^ ^ (1 — g”*)^ ^ 1 
for any m e N and k e Nq. Furthermore |g(l^d"m h|A:„|m„)t| ^ ^|fci|miRe(t) t) 0 cause ki ^ 0 
and t e D. Therefore 

g(|fcl|miH- h\kn\mn)t 

_ qmi^kl ... — q^n^kn 


^ (7gi^l|”^l Re(t) 


where C is a constant depending on ki,... ,kn- All in all we obtain 

ki I Re(t) \ ^ 


= c 


qr 


< 00 . 


1 _ g|fci|Re(t) 

See also [26l Prop. 2.2]. Note that (1 — • • •) kn ) = Cq { ki , ■ ■ ■, kn )- 


3. The quasi-shuffle product 


Recall that for integers a, 6 > 1 multiplying the two sums 


(9) 


TY}^ 77^ .J 

m>0 n>0 m>n>0 


m°"nP 


E 


n>m>0 


nkm°‘ 


E 

m>0 


m 


a-\-b ’ 


which is known as Nielsen’s reflexion formula ({a)C(b) = C{a, b)+({b, a) + C{a+b). Dehning the 
weight of products of MZVs as the sum of the weights of the factors, one notes the matching 
of weights on both sides. However, the length is not preserved. This generalises to arbitrary 
MZVs, and is commonly refereed to as quasi-shuffle product of MZVs. As an example we 
state the product 


C(a, b)C{c) = C(c, a, b) + ((a, b, c) -I- ({a, c,b) + C{a,b + c) -I- C(« + c, b). 


for a, c > 1 and b > 0. 

The key observation, which is not hard to verify, and which underlies our approach, is the 
fact that this simple product carries over to regularised Schlesinger-Zudilin g-MZVs, that is, 
the series of nested sums in ([7]) satisfy the quasi-shuffle product if all arguments are either 
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strictly positive or strictly negative integers. For example the corresponding Nielsen reflexion 
formula for the regularised Schlesinger-Zudilin model defined in ([7]) for negative integers is 

(,(-“)(,(-1>) = z E 

m>0 n>0 

- z + E + E 

m>n>0 n>m>0 m>0 

= Cq(-a, -b) + Cq{-b, -a) + Cq{-a - b) 

for o, 6 6 N. One should note that the quasi-shuffle product is not preserved if we allow for 
integer arguments with mixed signs in (jT)). 

It is common to abstract the quasi-shuffle product using the words approach. Let Y : = 
{Un ■ n e Z} be an alphabet. The set T* of words defines a free monoid, with the empty word 
denoted by 1 . The linear span Q(T) of words from Y* becomes a commutative algebra when 
equipped with the quasi-shuffle product : Q(T) 0 Q(y) ^ Q(y), rn^{u®v) =: u* v [IB] . 
The latter is defined iteratively for any words u,v e Y* and letters yn,ym ^ Y by 

(i) 1 * u := u * 1 := u, 

(ii) ynU * y^V :=yn{u* ymv) + ymiVnU * u) -F yn+m{u * v) (n, m 6 Z), 

and extended to Q(y) by distributivity. It is well-known that for f}+ := Q © @^ 5.2 
with Y+ := {yn: n e N} the map C*: ^ ') defined by CiVki'-ykJ ■ = 

C{ki, ■ ■ ■ ,kn) and C*(l) •= 1 is an algebra morphism. For := Q(y“) with Y~ := {yn - n e 
Z<o} we observe the following simple fact: 

Lemma 3.1. The map ^ (C|[g]],-) defined by Cg\yki ■■■ykj ■=Cq''’*{ki,...,kn) 

for any ki,... ,kn e Z<o and (fg'^ (1) := 1 is a morphism of algebras for any t e D. 

Following m we introduce the deconcatenation coproduct A: Q(y) ^ QfY') 0 Q(Y} 

(10) A{w) = ^ M0U 

uv=w 

for w E Y*. Together with the quasi-shuffle product, (Q(y), A) becomes a Hopf algebra. 
This construction directly applies to Y~ and and therefore we observe: 

Corollary 3.2. The triple (f)“,mH=,A) is a graded, connected Hopf algebra, in which the 
grading is given by the weight wt(yfcj ■ ■ ■ y^f) := |/ci| -I- • • • -I- |A:n|. 

The reader is referred to [I81II9] for details on connected graded Hopf algebras and related 
topics relevant to the forthcoming presentation. 

4. Renormalisation of MZVs 

In order to extract renormalised MZVs from regularised expressions we use a theorem 
of Connes and Kreimer introduced in perturbative quantum field theory. See also 
for related results. Regularisation refers to a procedure of introducing a (family of) formal 
parameter(s) that renders an otherwise divergent expression formally finite. This step displays 
some freedom as how to regularise MZVs at negative arguments, and it may alter algebraic 
properties, which makes it therefore a nontrivial part of the renormalisation program. 

Theorem 4.1 ([5],[ 6 ]). Let A) be a graded, connected Hopf algebra and A a com¬ 

mutative unital algebra equipped with a renormalisation scheme A = A- © A+ and the cor¬ 
responding idempotent Rota-Baxter operator ir, where A- = vr(M) and A+ = (Id— 7 r)(M). 
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Further let ip: "H ^ A be a Hopf algebra eharacter, i.e., a multiplieative linear map from % 
to A. Then the eharacter ip admits a unique decomposition 

(11) Ip = Ip*} * ip+ 

called algebraic Birkhoff decomposition, in whieh i/'- : —> Q © A- and 'ip+: TL ^ A+ are 

charaeters. The product on the right hand side of (ttH) is the convolution product defined on 
the vector space L{7i,A) of linear maps from the % to A. 

Recall that the vector space L{TL,A) together with the convolution product cp * ip := 
mA o {(p (S) pj) o A : T-L —>■ A, where p,'ip e L{'H, ^), is an unital associative algebra. The set of 
characters is denoted by G_a and forms a (pro-unipotent) group for the convolution product 
with (pro-nilpotent) Lie algebra g_A of infinitesimal characters. The latter are linear maps 
p 6 L{T-L, such that for elements x,y e TL, both different from 1, p{xy) = 0. The exponential 
map exp* restricts to a bijection between g_A and Gj\^. The inverse of a character ip e G_a is 
given by composition with the Hopf algebra antipode S : TL —>^ T-L, e.g., ip} = ip-o S. As a 
regularisation scheme we choose the commutative algebra A := with A = A-®A+, 

where A- := and A^ := Ql[^]|. On A we define the corresponding projector 

TT : A^ A- by 

vr I ^ QnZ'^j := ^ OnZ'^ 

\n=—k / n=—k 

with the common convention that the sum over the empty set is zero. Then vr and Id —vr : 
A A+ are Rota-Baxter operators of weight —1 (see 

For the renormalisation of MZVs we perform two main steps. Firstly, we construct a 
regularised character ip: f}~ A which means that we have to deform the divergent MZVs to 
a meromorphic function in the regularisation parameter Secondly, we apply an appropriate 
subtraction scheme. The latter is naturally given by Equation m, which essentially relies 
on the convolution product induced by the Hopf algebra (1)~, A). The maps ip+ and ip- 

of Equation (HID are recursively given by 


(12) 

ip -{ x ) 

= —TT ^V’(' 

(13) 

1p +{ x ) 

= (Id —vr) 


[x) 


(x) 


for X e TL, wt(x) > 0, and ip+ e Note that we used Sweedler’s notation for the reduced 

coproduct A'{x) := Xi(a;) x' ® x" := A(x) — l®x — x01. 

The map i/’W ; ([)~,m:)=) ^ C[ 2 ;“^, 2 ;]] defined by 

( 14 ) ip^^\y-ki ■ ■ ■ y-kj{z) := Cehy-ki'-y-kJ 

for fci,..., e N is an algebra morphism (see Lemma 15.11 below). Applying Theorem 14.11 we 
define renormalised MZVs c}^ by 

— k ^ •— lim lifA 
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for any fei,..., /c„ 6 N. 

Now we present the main theorem of the paper which will be proven in the next section. 

Theorem 4.2. Let t e D. 

a) The renormalised MZVs verify the meromorphic continuation of MZVs , i.e., for any 
k 6 (Z<o)”\<S„ we have cf (k) = C(k) e Q. 

b) The renormalised MZVs satisfy the quasi-shuffle product. 

c) The renormalised MZVs are rational functions in t over Q without singularities in D. 
As a consequence we obtain: 

Corollary 4.3. a) Let t e D nQ then C+^(k) e Q for any k e (Z<o)"', n e N. 

b) Let t e D nM be transcendental over Q. Then there exists a k 6 (Z<o)" such that 

cf (k) 6 M\Q. 

Proof. The first claim follows from Theorem 14.21 cl. For the proof of b) see Section [6l □ 


5. Proof of Theorem 14.21 

In this section we implicitly use the following corollary of the fundamental theorem of 
algebra. Let p[t) e C[t] be a polynomial over C with p{n) = 0 for countably infinitely 
many n e N. Then p = 0. Therefore some proofs in the subsequent paragraph - concerning 
polynomial identities in t - are provided for t e N which then can be extended to t e D using 
this argument. 


Lemma 5.1. Let ki,... ,kn e N. Explicitly we have 

.... TTZi • TThY) • 

with 

fci kn n \ 

/I TT I \ { 1 + I L J. I I 7 I L —1 


Furthermore : (f) ,m*) ^ C[z is an algebra morphism. 


Proof. In Equation (I14p we defined by the following composition of maps 

—> (CM,-) —> (C[2;■^^;]|,•) —> z], •) 

2/fci ■ ■ ■ 2/fc„ '—^ 4*^(yfci • • • Vkf) '—> 4- (yfci ■ ■ ■ VkJ '—^ (i/fci • • • VkJ, 

where ki,... ,kn e Z<o. By Lemma 13.11 the first map is an algebra morphism and the sub¬ 
stitution map q >—>■ preserves this property. Since the quasi-shuffle product m:,. preserves 
the weight, the multiplication map is an algebra morphism, too. Hence, is a character. 
Performing the composition of maps we explicitly obtain for ki,... ,kn e N 

• • • y-kj = 2 - q^^f^ 

mi>-">mn>0 

mi>->m„>0 j = l 
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fci 




s s-sn "'i j - i-lj+kjt) 

mi,...,m„>0 li=0 ln=0j=l 1 ■ 

^ /h - \ n' 

E-Enroll)''"' " 


• • -\~l j kjt 




«1=0 Zn=0i = l ^ 

Now we rewrite the last expression by substituting for q such that 

-jli "{-kjt- 

'G, . . . . 1, . I = \ ' . . . \ ' I I / 1 _ i _ 


ki kji ^ X Z-» \ ' 


q 


k']_t'~\~'''~\~lj~\~kjt _ 




E 


B. 


mi 


mil 


— — T - \ L- 

r) ^1 kn n /I 

^ E ^ ^ ^ E n (/) +■ ■ ■+ h+ 

™”' li-o '•‘i 


mi ,...,mn^0 

where we used d^D- Multiplying the last expression by (—yields 


i-z) 1^1 c2 (y-ki ■ ■ ■ y-kj = Yi 




mi 






mi'. 


m, 


(^ki,...,kn (+\.y'rnil -l-mn-(fciH- hkn)-n 

'-^mi. mn\'')^ ) 


I '-'mi 


which concludes the proof. 


□ 


Remark 5.2. The particular choice of the map (—log((?))l*^'Cq ’ (k) in the definition of 
the character is necessary in order to assure that the renormalised MZVs verify the 
meromorphic continuation. Indeed, for the - at first glance - more natural looking choice 
(1 — in the definition of the character '0^*^ we observe a contradiction to the 

meromorphic continuation, e.g., we would obtain C+^(“l) = ^ t e D. 

Lemma 5.3. Let A: e N. Then 

Ziz^o (z) z+zcz m - 0, 

Cmit) = ^ 0 m = 1,... ,fc, 

—k\ m = k + 1. 

Proof. In the case m = 0 the claim is exactly Equation (I15|) . For m ^ 1 we observe 


C^(t) = ^_i^k+kt+ij^ (^'^x^+^\l + kt)'^-^ 


X= — l 


= (-ir 


(rc4)"-‘ ((1 + 


X= — l 


) 0 m = 1,..., fe 

—k! m = k + 1, 

which concludes the proof. 

Lemma 5.4. For k e N we have 


□ 


and 'ip^^\y_k){z) = + Otiz), 


where Ot{z) is the standard Landau notation in which the subindex t denotes the t-dependence 
of the coefficients of higher order terms. 
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Proof. Since y^k is primitive in the Hopf algebra (1) , m^, A), Equations (fT^ and (fT3|) imply 
respectively 

= -Tr'il>^^\y_k)iz) and 'il>^+\y_k)iz) = (Id-7r)V’^*^ (y-fc)( 2 ;). 

From Lemma 15.31 we deduce 

\ k 


B 


Bn 


\ . ^ Tni / ml 


ym'^O 


m=0 


and 


if'^+\y-k)iz) = (Id-vr) [ ^ 

\m5=0 


,m—k—l 


B 


E 

^ . ml 


,m—k—l 


m^fc+1 


Bk+i 
k + 1 


+ Ot{z). 


□ 


Lemma 5.5. For /ci, /c 2 £ N with ki + k 2 odd we have 

Proof. First we remark that 

A{y_k^y_k2) = 1 ® y-kiy-k2 + V-ki 0 y-k2 + 2/-fci2/-fc2 ® 1 

and therefore Equation (fT3]l implies 

= (Id-vr) (^'ip^^\y_kiy-k 2 ) + f^-Hy-kM^^Hy-k 2 )) ■ 
Since /ci + /c 2 + 2 is odd and Bg = 0 for odd s ^ 2 we obtain with Bi = ^ 

{ld-TT)f;^^\y-kiy-k2){z) = 2 


mi+m2=ki+k2+2 

1 .I^fci+fe2 + l 


mil m 2 ! 


2 {ki + k2 


^ + chfl»,«(‘)) + OAz). 


On the one hand Yw 2 =o (^ 2 )^”^^^^ ^ ® therefore 

\‘l/ \‘2/ 


On the other hand we get 
^fcl+fc2 (^\ 


(_i)fci+fc 2 +(fci+fc 2 )t y y q+i2+(fci+fc2k('^^ + (/ci + 

^_-^y+k2 + (ki+k2)t ^^^^y+k2 y y f^'^'\j,h+l2 + {ki+k2)t 


x= — l 


x= — l 


= (^_-iy+k2 + (ki+k2)t ^^Qyti+k2 ^y+k2 y,{ki+k2)t^ 

= {ki + k2)\ 


x= — l 
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and therefore 


(Id-7r)V;W(y_fc^y_fc2)(z) = 1 +Ot{z). 

2 fci + K2 + 1 


Moreover, since i?fcj+fc 2+2 = 0 we observe with Lemma l5.ll and 15.41 


(Id-TT) (iAW(y_feJ(z)#)(y_fc2)(^)) = -{Id-TT) 

V m^O , 

= Ot{z). 

To summarise, we have shown that 

i^+Hy-kiy-k2)iz) = (H-tt) (^V’^^Hy-fciy-fca) + 4’-\y-ki)4’'^^Hy-k2)) i^) 


1 Bki+k2 + l 

2 fci + /C2 T 1 




which concludes the proof. 


□ 


Proof of Theorem From Lemma 15.41 we deduce for k e N 

C?(-/c) = limfjP (y_k)(z) = 

which coincides with ([T]) and for fci, /c 2 e N with ki + /c 2 odd we observe from Lemma 15.51 that 
C+\-ki,-ki) = lim^\y-kiy-k2)(z} = 

which is consistent with ([6]) . For length greater than three the meromorphic continuation does 
not provide any information for negative integer arguments since (Z<o)" ^ Sn for n ^ 3 (see 
©)• Therefore a) is established. Next we prove b). As shown in Lemma (5.1 1 is an algebra 
morphism with respect to the quasi-shuffle product m*. Therefore Theorem 14.11 implies that 
is also an algebra morphism and hence is C+^- For c) we remark that Equation (I15p of 
Lemma O shows that is a meromorphic function in z, whose coefficients are rational 
functions in t over Q. Equations (|12|) and (I13|) indicate that the power series is obtained 
from by subtractions and projections. Therefore is - as the constant coefficient of 
the power series - a rational function in t over Q. □ 


6. Numerical examples 

In this subsection we provide some explicit numerical examples of the renormalisation 
process introduced in the previous sections. First we provide an explicit example of how to 
compute renormalised MZVs. 

Example 6.1. Let us calculate the renormalised MZV C+^(—1,—3). Using (|1UI) we observe 
A(y-i2/-3) = 10 y-iy-3 + y-i 0 y-s + y-iy-3 01- 
Consequently, formula (DSI) implies 

'>f+\z) = (H-tt) (^V'(^)(i/_iy_3)(z) + 'if^l\y-i){z)if^^\y-^){z)^ . 
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Using 


= -z ^-1—^ 2 ^-^—; 

^ ’ 2 12 720 30240 


0(2® 


i’^^\y-3)iz) = izz - 


1 


-4 


1 


41 


2203 


60 120 


1008 28800 
47 


2-2- 


2^ + 0 ( 2 ® 
5377 


1 


282240 84 




we obtain 


(Id-7r)V’^^^(y-i2/-3)(^) = - 


5377 


1 _ 

282240 


0(2^ 


Since y-i is a primitive element of the Hopf algebra (f) , 771 =,= , A) we have V'f_^^(y_i)( 2 ) = 


— ^2 ^ by Equation m and therefore 


(H-tt) {y_i){z)i;^^^y-3){z)j = + ^iz^) 


All in all we get 

fj+hz) = (H-tt) (f;^^'^{y_iy_3){z) + ^l;^y {y-i){z)'il;^^\y-3)iz)'^ = 


121 


1 


94080 84 


0(2^ 


which results in 


C+V—1,—3) = Wm.'ibU’iz) = 

^ ^ ^ > 94080 




121 


In Table [T] we list the renormalised MZVs in the case t = 1 for depth two. For depth one 
the renormalised MZVs are always rational as well as for ki,k 2 e N with ki + k 2 odd, due to 
Theorem IQ a). Because of the quasi-shuffle relation 

Ct\-k)Ct\-k) = 2Cf{-k-k) + ct\-‘^k) 

for k eN the diagonal entries C^\—k, —k) are also always rational and do not depend on the 
parameter t. The first case for which we obtain a non-constant rational function in t over Q 
is the case C+^(~l) ~3). The quasi-shufSe product implies 

cf (-l)CP(-3) = cP(-l,-3) + cf (-3,-1) + cf (-4). 

Therefore a priori (C^^(—1, —3) and C+\—3, —1) are not explicitly given by that relation. They 

only have to satisfy C+^(—1,—3) -I- C+\—3,—1) = C+^(—l)C+^(—3). Using (fT^ and (fT3ll we 
find 

ut) 1 166f2 + 1661 + 31 


cf (-3,-1) = 


8064 (41-L 3) (41-hi) ’ 

1 127812 -h 12781 H 


239 


40320 (41 -h 3)(41-h 1) 


This example also proves the second claim of Corollary 14.31 Indeed, since not all renor¬ 
malised MZVs are constant as a rational function in 1 over Q the choice of a transcendental 

t E D leads to irrational values for . It is easily seen that also complex numbers can appear 
as renormalised MZVs. 
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fei \ fca 

-1 

-2 

-3 

-4 

-5 

-6 


1 

1 

121 

1 

31093 

1 


288 

240 

94080 

504 

17740800 

480 


1 

0 

1 

48529 

1 

131679179 


240 

504 

66528000 

480 

71922090240 

-3 

559 

1 

1 

1 

941347763 

1 

282240 

504 

28800 

480 

1150753443840 

264 


1 

48529 

1 

0 

1 

199275989809861 


504 

66528000 

480 

264 

128121575662080000 


110879 

1 

979401779 

1 

1 

691 


53222400 

480 

1150753443840 

264 

127008 

65520 

-6 

1 

131679179 

1 

199275989809861 

691 

0 

480 

71922090240 

264 

128121575662080000 

65520 


Table 1. The renormalised MZVs C+^(^i,fc 2 ). 


Conclusion. Extensions of MZVs to strictly negative arguments by renormalisation, i.e., by 
using subtraction methods on properly regularised nested sums, implied by a Hopf algebraic 
Birkhoff decomposition, were introduced in m and [2D]. The two approaches differ in the 
regularisations used to obtain formally well-defined expressions. This results in different 
values associated to certain MZVs at negative arguments, while both approaches preserve 
the quasi-shuffle product. In this paper, we have shown how to renormalise MZVs using 
minimal subtraction in an intrinsically regularised g-analogue of MZVs. The subtraction 
method is implied by a Hopf algebraic Birkhoff decomposition, and the quasi-shuffle product 
is preserved. 

Regarding the parameter t of , it is natural to ask for the relation between different sets 
of renormalised MZVs corresponding to different parameters. Let ti,t 2 e D. Recent work 
shows that we have * C+^\ where aq,t 2 belongs to the renormalisation group of 

MZVs m, which is a particular subgroup of the group of characters of the quasi-shufSe Hopf 
algebra. Similarly one can compare the renormalised MZVs in this work with those values 
obtained in the literature imiio]. The reader is referred to m for more details. 

Moreover, in the light of the results in m one may wonder whether the approach presented 
here can be further developed by characterising different g-analogues of MZVs as distinct q- 
regularisation methods for MZVs. A possible prescription would be to start by replacing 
the summation variables in the nested series ([3|) by q-integers, and then to introduce in the 
nominator a particular polynomial in the g-regularisation parameter. The choice of the latter 
is crucial since it determines the algebraic as well as analytic properties of the resulting q- 
MZVs. Several g-analogues of MZVs have been described in the literature, and it would be 
rather interesting to understand them from the point of view of extending MZVs to negative 
arguments. 
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